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Summary:  

The earthquake, tsunami and radioactive disasters that began on March 11, 2011 presented a 

complicated problem for the Japanese government. While understandably overwhelmed with 

the immensity and the timeline of the successive disasters, for two weeks authorities had, yet 

did not publish, accurate models of the radiation leaking from the Dai Ichi (Number 1) Power 

Plant into densely populated residential areas. Officials were concerned with panic, and the 

economic burden of relocating or accommodating a large number of evacuees. There was no 

organized evacuation effort for weeks, and residents had to make their own decisions about 

when and where to go based mostly on newspapers, because power outages limited their 

media access. The newspapers received and published the graphic with a concentric circle 

voluntary evacuation zone of 20km. Later, this was expanded to 30km. However radiation was 

concentrating in a way that was inconsistent with the perfect circle around the nuclear facility.  

 While the computer model’s printouts kept coming, people were evacuating to more 

dangerous areas than they left while the government watched in silence.  Engineers and 

technicians urged the Prime Minister to use the reports as a baseline for evacuations and other 

decisions, but these requests were ignored. Culturally, the Japanese expect their leadership to 

make carefully considered decisions, but in an emergency as serious as this, a two week lapse in 

the release of vital information is extreme. The leadership wanted to keep the problem 

contained, but on March 15, a fire and then an explosion caused a dramatic spike in the 

radiation readings. International pressure caused an about face and data was made increasingly 

available after it became apparent that containment was not possible. A report released in July 

2011 from the Prime Minister and nuclear regulation officials admits that the entire noble gas 

inventory of Units 1 through 3 was released into the air between March 11 and March 15. 

Today, Japan’s monitoring data has been made public in huge databases.  

On April 12, 2011, the nuclear incident level was raised to 7, putting the Fukushima incident on 

par with Chernobyl. 

 

This paper will take a look at the basic underlying math of the 

computer modeling system that was dutifully printing out reports 

before, during and after the March 11th disaster.  
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Introduction: 

The System for Prediction of Environmental Emergency Dose Information (SPEEDI) is the 

computer system developed to predict the spread and effect of radioactive materials in the 

event of a release from a nuclear facility. Japan’s Ministry of Education, Culture, Sports, Science 

and Technology (MEXT) [ 1,5,6,30,35,36] began to develop this modeling technology in 1980 in 

conjunction with the company Fujitsu, and it has been available for use since 1985. However, 

when the system began producing models within hours of the massive earthquake and 

subsequent tsunami which hit Japan on March 11, 2011, political officials were “unsure how to 
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interpret the results”  and chose to keep the information quiet 

[5,6,10,30,31,32,52,65,66,71,74,78], endangering thousands,  until international pressure led 

to a change in strategy on March 25. 

 

Instead of using the detailed information produced by SPEEDI, a map with rings was released to 

the public indicating a conservative evacuation zone of 20 km on March 14th (despite Tellurium-

132, a tell-tale sign of a nuclear meltdown, measured on March 12th [ 30 ]). The zones were 

expanded on March 25th to 30 km, 10 days after the biggest spike in radioactivity to date, 

sending recorded levels up three orders of magnitude.  These rings did not take into account 

the mountainous terrain, wind patterns or temperature, but they were politically expedient for 

an already overcrowded country facing a tri-fecta of disasters. This decision put evacuees in 

great danger, as many spent 2 weeks unknowingly seeking safety in the radiation hotspots, 

accurately predicted and mapped by SPEEDI. A resident who fled from the evacuation zone to 

Namie town (the most concentrated radiation site outside of the nuclear facility itself) told 

reporters that this act was akin to murder.  [30, 78]   

 

Engineering professor Yotaro Hatamura headed the independent investigation into the disaster 

and produced a 507-page report a year later [78] compiled by interviewing more than 460 

people, including utility workers, scientists and government officials. This report was highly 

critical of Japan’s internal nuclear governance agency (NISA) and Tokyo Electric Power Company 

(TEPCO) for not being better prepared and for not responding sooner with warning the public 

about radiation hot spots.  
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“The report portrays the leadership in chaos, watching helplessly as two reactors 

exploded, radiation spewed into the atmosphere, and three reactors went into 

meltdown at Fukushima Daiichi, 140 miles away. TEPCO was especially taken to task for 

dialing to design and plan for an extraordinary magnitude-9 earthquake and massive 

tsunami. Despite expert warnings for years that the area was vulnerable to high waves, 

Fukushima Daiichi was built to withstand only 20-foot tsunamis. The March 11 tsunami 

reached 49 feet, wiping out the plant’s emergency electrical system, which left the 

reactors without a cooling system and triggered the meltdowns.” [78] 

 

“Perhaps the worst aspect of the bumbling and often ineffective response to the 

Fukushima accident was the delayed and confused evacuation of the 110,000 residents 

of eastern Fukushima. In the absence of any clear directive from the central government 

— in part because communications had been severed by the earthquake, in part 

because no one had ever thought to plan for a mass evacuation 20 miles beyond the 

plant – most of the local towns around Fukushima Daiichi ended up evacuating on their 

own. The report noted, as residents suspected early in the crisis, the government was 

more concerned with panic control than with keeping frightened citizens in the loop. In 

at least one town, Namie, residents ended up driving straight into the plume of 

radiation carried by northwest winds.” [78] 
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PART A: Background 

1. Fukushima “Dai Ichi” (Number 1)  Nuclear Facility 

On March 11th, 2011, a tsunami triggered by the 9.0 earthquake disabled all power to the 

Fukushima Number 1 Power Plant (37°25′18″N, 141°02′08″E), destroyed the service road and 

swept the emergency generator fuel out to sea. Per the protocols governing all 54 of Japan’s 

nuclear power facilities [1, 36], the plant put itself into automatic shutdown. However the 

tsunami cleared the protective sea wall, critically interfered with the cooling systems, and 

flooded the facilities. Hydrogen explosions further damaged structures at the site, releasing a 

large amount of radioactive material into the environment. Four of the six units quickly became 

the focal point of a large unfolding tragedy. 

 

 

 

 

  

 

 

The majority of electrical energy used in Japan is produced by power plants based on driving 

turbines and generators using high-temperature and high pressure. Thanks to Scottish engineer 

and physicist William Rankine, the plant  operates on a cycle that continuously converts water 

between liquid and steam [3 ] to move energy from one location in the plant to another.  

 

Rankine Cycle: 

http://web.mit.edu/16.unified/www/SPRI

NG/propulsion/notes/node66.html 

http://web.mit.edu/16.unified/www/SPRING/propulsion/notes/node66.html
http://web.mit.edu/16.unified/www/SPRING/propulsion/notes/node66.html
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In boiling water reactor nuclear plants like Fukushima Number 1, reactors are the source of 

heat for the system. The closed primary loop of water moves the heat directly from the core to 

the steam generator, and cannot leave the containment wall. The steam generator transfers 

the heat in the primary loop to the water in the secondary loop, keeping the two loops entirely 

isolated from one another. The steam in the second loop flows to the turbine, which causes the 

turbine’s shaft to rotate, performing mechanical work, similar to a water wheel. The tertiary 

loop draws in outside water into the condenser for cooling purposes. The water supplies within 

the loops do not mix, but the heat transfers between them.[3]   

 

 

 

 

 

 

 

 

 

 

Lack of power and breaches in the loops 

caused the interruption of cooling, which 

led to the core meltdown and escape of 

radioactive particles from the containment. 
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2. Fukushima Number 1 Event Sequence (March 11 through 15, 2011) [1,6,35] 

March 11 2:46 PM A 9.0 magnitude earthquake strikes. Ground acceleration triggers automatic 

shutdown of all three reactors in operation. 

 3:42 PM A 14-meter tsunami disables all AC power to Units 1, 2 and 3. 

 3:45 PM Fuel tanks for emergency generators are carried off by the tsunami. 

 4:46 PM Water injection fails in the emergency core cooling systems of Units 1 & 2. 

 

 

March 12 

9:07 PM A pressure relief valve is opened on the Unit 1 pressure vessel. 

  

 3:36 PM A hydrogen explosion damages the structure of the Unit 1 reactor building. 

 8:20 AM Seawater injection to the Unit 1 pressure vessel begins. 

 5:58 AM 

9:20 AM 

Water injection fails in the emergency core cooling system of Unit 3. 

A pressure relief valve is opened on the Unit 3 pressure vessel. 

March 13 

 4:46 PM Water injection fails in the emergency core cooling systems of Unit 1 and 2. 

 11:01 AM 

1:25 PM 

A hydrogen explosion damages the external structure of the Unit 3 building. The 

water level in the Unit 2 pressure vessel is found to be low; operators conclude that 

the reactor cooling system is no longer functional. 

March 14 

 4:34 PM Seawater injection into the Unit 2 pressure vessel begins. 

 

 

 

 

March 15 

6:20 AM  

 

 

9:38 AM 

12:28 PM 

An explosion sound is heard at Unit 2 and it concluded to indicate an abnormality in 

the pressure suppression pool. At the same time, part of a wall in the operation 

area of Unit 4 is damaged. 

A fire breaks out in the Unit 4 reactor building. 

Fire extinguished.  
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3.  Report to the IAEA 

An official report [5,6,47] was prepared and presented to the International Atomic Energy 

Agency (IAEA) in July  2011. This report was issued by the Japanese Prime Minister Naoto Kan, 

Mr. Goshi Hosono (Special Advisor) and his bureau to discuss why the radiation readings were 

highest on March 15 and 16th. [5,6]  The report showed that the fuel meltdown started by 

March 12( a fact withheld for several months from the residents [30,31]) and an explosion in 

Unit 4 cause a spike  that definitely exceeded the evacuation zone boundaries. During the spike 

period (see chart below) the emission rate rose to almost 1000000000000000 Becquerel per 

hour in a areas surrounding the power plant.  
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4.  Comparison with Chernobyl 

 

While the facilities were out of Tokyo Electric Power Company’s (TEPCO) control, the 

Incorporated Administrative Agency Japan Nuclear Energy Safety Organization (JNES) estimated 

that the total discharge amounts from the reactors of Fukushima Number 1 facility for two of 

the several radioactive isotopes were: [5,6, 54] 

 

 1.3x1017Bq for Iodine 131 

  6.1x1016 Bq for Cesium 137 

 

The Fukushima incident was raised to Level 7 by the IAEA (the same designation as Chernobyl) 

[5] on April 12, when Japan’s NISA announced this estimate regarding the accumulated amount 

of the radioactive materials released in the atmosphere. The amount released from Fukushima 

compares with the April 26, 1986 Chernobyl incident in this way:  

 
Prypiat, Ukraine - CHERNOYBL:  Essentially all of the noble gases, 60% of the 
radioiodines, 40% of the radiocesium, 10% of the tellurium, and about 1% or less of 
the more refractory elements were released. [23,26] 
 
Futaba, Japan - FUKUSHIMA: There is strong evidence that the first strong 
radioactive release started early, possibly immediately after the earthquake and the 
emergency shutdown on March 11. The entire noble gas inventory of reactor units 
1–3 was set free into the atmosphere between 11 and 15 March 2011. [10, 12, 31, 
31, 32, 52. 71] 
 

 
 Fukushima:  Chernobyl :[26] 

Iodine 131   1.3x1017Bq  1.76x1018Bq 
 
Cesium 137  6.1x1016 Bq  8.5x1016 Bq 
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5. Measuring Radiation 

[9, 21,51] The units used depend on the aspect of radiation being measured.  

* Radiation being emitted:    Curie (Ci), or the SI unit Becquerel (Bq). 

* Radiation being absorbed by a person:  rad or the SI unit gray (Gy). 

* Risk of exposure:     rem or the SI unit sievert (Sv). 

 

[51] The Ci or Bq is used to express the number of disintegrations of radioactive atoms in a 
radioactive material over a period of time.  
 
 

* 1 Ci = 37 billion (37 X 109) disintegrations per second.  
* 1 Bq = one disintegration per second 

   1 Ci = 37 billion (37 X 109) Bq 
 

 

[21] The amount of energy deposited per unit of weight of human tissue is called the 
absorbed dose. Absorbed dose is measured using the conventional rad or the SI Gy. 
 

 
* 1 Gy = 100 rad 
 
 

[9,21] A person's biological risk is measured using the conventional unit rem or the 

SI unit Sv. 

 
 

  *1Sv=100rem 
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Prefix Equal to Which is this much Abbreviation Example 

atto- 1 X 10-18
 .000000000000000001 a aCi 

femto- 1 X 10-15
 .000000000000001 f fCi 

pico- 1 X 10-12
 .000000000001 p pCi 

nano- 1 X 10-9
 .000000001 n nCi 

micro- 1 X 10-6
 .000001  Ci 

milli- 1 X 10-3
 .001 m mCi 

centi- 1 x 10-2
 .01 c cGy 

 

 

Prefixes (above) and Daily exposure (below): Both from the CDC  [9] 

 

Source of exposure Dose in rem Dose in sievert (Sv) 

Exposure to cosmic rays during a 

roundtrip airplane flight from New York 
to Los Angeles 

3 mrem 0.03 mSv 

One dental x-ray 4–15 mrem 0.04–0.15 mSv 

One chest x-ray 10 mrem 0.1 mSv 

One mammogram 70 mrem 0.7 mSv 

One year of exposure to natural 

radiation (from soil, cosmic rays, etc.) 

300 mrem 3 mSv 
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6. How long will Fukushima and surrounding areas be radioactive? 

[4,7,12,16,24,37,41,42,43,56] Many nuclides have been detected in the monitoring of the 

Fukushima incident, however the scope of this paper is limited to the two with the most 

reliable reported data: [5,6] 

 1.3x1017Bq for Iodine 131 

  6.1x1016 Bq for Cesium 137 

 Given a sample of a radionuclide, the half-life is the time taken for half the radionuclide's 

atoms to decay.  The amount decays exponentially. The relationship between the half-life and 

the decay constant shows that highly radioactive substances (like Iodine) are quickly spent, 

while those that radiate more weakly (like Cesium) endure longer. [18,1,21,22,46] 

𝑡1
2⁄ =

𝑙𝑛2

𝜆
= 𝜏 ln 2 

Where 𝜆 = the decay constant 

Half-Life Iodine 131: 8.0197 days  

The half-life of I-131 is 8.097 days (692,902 seconds).   

To calculate Lambda, the decay constant, for I-131): 

𝝀 =
𝑙𝑛2

𝑡1
2⁄

=
𝑙𝑛2

692,902 𝑠𝑒𝑐𝑜𝑛𝑑𝑠
= 𝟏. 𝟎𝟎𝟎𝟑𝟓𝟑𝟖 𝒙 𝟏𝟎−𝟔/𝒔𝒆𝒄𝒐𝒏𝒅 

 

Half-Life Cesium 137: 30.17 years  

The half-life of Cs-137 is 30.17 years (951,441,120 seconds).   

To calculate Lambda, the decay constant, for Cs-137): 

𝝀 =
𝑙𝑛2

𝑡1
2⁄

=
𝑙𝑛2

951,441,120  𝑠𝑒𝑐𝑜𝑛𝑑𝑠
= 𝟕. 𝟐𝟖𝟓𝟐 𝒙 𝟏𝟎−𝟏𝟎/𝒔𝒆𝒄𝒐𝒏𝒅 
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Now the rate of decay is given by: 

𝜆 𝑥 𝑁 =
−∆𝑁

∆𝑡
 

If there are 𝑁0 atoms present at time (t) = 0, then at any other time: 

 

𝑁𝑡 = 𝑁0𝑒−𝜆𝑡 

When will it be gone completely? 
 
 The report [5,6]says that this is the amount released between  
  March 11 and March 15, 2011 was: 
 

 1.3x1017Bq for Iodine 131 

  6.1x1016 Bq for Cesium 137 

 
- First, find out how many grams (so it can be used later in the dispersion calculation):  

 
 We have: The radioactivity in Bq 
 
   Avogadro constant =  6.02214179(30)×1023 mol 
 

   Atomic mass:  Iodine 131   = 16624.4860 
𝑔

𝑚𝑜𝑙
 

Cesium 137 = 18208.046913
𝑔

𝑚𝑜𝑙
 

𝐼𝑜𝑑𝑖𝑛𝑒 𝜆 = 1.0003538 𝑥 10−6/𝑠𝑒𝑐𝑜𝑛𝑑 

𝐶𝑒𝑠𝑖𝑢𝑚 𝜆 = 7.2852 𝑥 10−10/𝑠𝑒𝑐𝑜𝑛𝑑  

 

 

𝑅𝑎𝑑𝑖𝑎𝑡𝑖𝑜𝑛 𝑖𝑛 𝐵𝑞 =  
𝑚𝑎𝑠𝑠 𝑖𝑛 𝑔𝑟𝑎𝑚𝑠

𝑎𝑡𝑜𝑚𝑖𝑐 𝑚𝑎𝑠𝑠 𝑖𝑛
𝑔

𝑚𝑜𝑙

(𝐴𝑣𝑜𝑔𝑎𝑑𝑟𝑜 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡)
𝑙𝑛2

𝑡1
2⁄

 



 

Fukushima: A Model Study         Page 16 

 
 

 

𝟏. 𝟑𝐱𝟏𝟎𝟏𝟕𝐁𝐪 𝐟𝐨𝐫 𝐈𝐨𝐝𝐢𝐧𝐞 𝟏𝟑𝟏 =
𝑚𝑎𝑠𝑠 𝑖𝑛 𝑔𝑟𝑎𝑚𝑠

16624.4860 
𝑔

𝑚𝑜𝑙

6.02214179(30) × 1023 mol(1.0003538 𝑥 10−6) 

 

mass in grams = (
(1.3x1017Bq for Iodine 131)(16624.4860 

𝑔
𝑚𝑜𝑙

)

6.02214179 × 1023 mol(1.0003538 𝑥 10−6)
) 

 

   

mass in grams = 3587.46 

     SO: 𝑁0 = 3587.46𝑔 

 

At t=0, there are 3587.46g of Iodine.  

   

𝑁𝑡 = 𝑁0𝑒−𝜆𝑡 

 

If 𝑁𝑡 (the amount remaining) is set to 2g (≠ 0, 𝑚𝑢𝑠𝑡 𝑏𝑒 > 1), then we can solve for the time 
when the original sample is almost completely gone: 

      

2𝑔 = 3587.46𝑔𝑒−1.0003538 𝑥 10−6𝑡 

 
2

3587.46
= 𝑒−1.0003538 𝑥 10−6𝑡 

 

(ln)
2

3587.46
= (𝑙𝑛)𝑒−1.0003538 𝑥 10−6𝑡 

  

 

(ln)
2

3587.46
= −1.0003538 𝑥 10−6𝑡 

 

−7.29205

−1.0003538 𝑥 10−6
= 𝒕 = 7489402.77892 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 =  2080 ℎ𝑜𝑢𝑟𝑠 =   𝟖𝟔. 𝟔𝟖 𝒅𝒂𝒚𝒔 
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𝟔. 𝟏𝐱𝟏𝟎𝟏𝟔 𝐁𝐪 𝐟𝐨𝐫 𝐂𝐞𝐬𝐢𝐮𝐦 𝟏𝟑𝟕 =
𝑚𝑎𝑠𝑠 𝑖𝑛 𝑔𝑟𝑎𝑚𝑠

18208.046913 
𝑔

𝑚𝑜𝑙

6.02214179(30) × 1023 mol(7.2852 𝑥 10−10) 

 

mass in grams = (
(6.1x1016 Bq for Cesium 137)(18208.046913 

𝑔
𝑚𝑜𝑙

)

6.02214179 × 1023 mol(7.2852 𝑥 10−10)
) 

 

   

mass in grams = 2531632.97088g 

     SO: 𝑁0 = 2531632.97088g,    2531.65k𝑔  

 

At t=0, there are 2531632.97088g of Cesium -137.  

   

𝑁𝑡 = 𝑁0𝑒−𝜆𝑡 

 

If 𝑁𝑡 (the amount remaining) is set to 2g (≠ 0, 𝑚𝑢𝑠𝑡 𝑏𝑒 > 1), then we can solve for the time 
when the original sample is almost completely gone: 

      

2𝑔 = 2531632.97088g𝑒−7.2852 𝑥 10−10/𝑡 

 
2

2531632.970886
= 𝑒−7.2852 𝑥 10−10/𝑡 

 

(ln)
2

2531632.97088
= (𝑙𝑛)𝑒−7.2852 𝑥 10−10/𝑡 

  

 

(ln)
2

2531632.97088
= −7.2852 𝑥 10−10𝑡 

 

−14.051227915

−7.2852 𝑥 10−10
= 𝒕 = 19287360559.7 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 =  223,233.34𝑑𝑎𝑦𝑠 =  𝟔𝟏𝟏. 𝟔 𝒚𝒆𝒂𝒓𝒔 
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PART B. The Models 

1. Diffusion, Dispersion and the Gaussian Plume Model  

A dispersion model is a computational procedure for predicting concentrations of a pollutant 

source. The process of modeling how particles spread in the air utilizes mathematical 

algorithms and requires data from source characteristics, terrain and meteorology.  There are 

many complex, formal models, adapted for specific measurements and purposes. However 

these models are generally based on the work of Gauss, Euler or Lagrange.  

While a variety of systems have been used around the world to model predictions of the 

airborne radiation from Fukushima Number 1 nuclear facility, Japan’s system, SPEEDI, is based 

on a Gaussian Plume model. [This modeling section is based on: 

8,19,20,21,22,24,25,26,28,33,34,36,40,59,60,62,64,67,76]   

 

 
*Note: the model is not valid beyond 10km from source. 
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Before taking a look at the Gaussian Plume Model, one could begin with diffusion in general. 

The Laws of Diffusion [33 page 161] show that atomic movement generally goes from higher to 

lower concentrations. The rate of diffusion is generally expressed as: 

𝐽 =
𝐹

𝑅
       where: J = the rate of diffusion,   

     F= the driving force, and  

     R = the resistance to movement of atoms through the lattice.  

R=𝑑
𝐿

𝐴
    where : d = a constant,   

     L= distance of atomic movement, and  

     A = area of plane of diffusion 

If you substitute the second equation into the first, the combined equation becomes: 

J=
1

𝑑
𝐴(

𝐹

𝐿
)       J=𝐷𝐴(

𝐹

𝐿
)     where: D =

1

𝑑
 

This D is the co-efficient of diffusion. It is defined as the amount of substance diffusing 

in unit time across a unit area through a unit concentration gradient and is generally 

expressed in units of  𝑚
2

𝑠𝑒𝑐⁄ . 

A gradient is one example of a vector field. Vector Fields are functions that assign vectors to 

points in space.[19: Chapter 14 p1008, 22: Chapter 13]  

If:   𝑓(𝑥, 𝑦, 𝑧) = 𝑥2 + 𝑦2 + 𝑧 

Then the gradient of 𝑓 is a vector field in space (3 dimensional): 

   ∇𝑓(𝑥, 𝑦, 𝑧) = 𝑓𝑥(𝑥, 𝑦, 𝑧)𝒊 + 𝑓𝑦(𝑥, 𝑦, 𝑧)𝒋 + 𝑓𝑧(𝑥, 𝑦, 𝑧)𝒌 

 

     ∇𝑓(𝑥, 𝑦, 𝑧) = 2𝑥𝒊 +  2𝑦𝒋 + 2𝑧𝒌 

                 ∇𝑓(𝑥, 𝑦, 𝑧) =
𝑥

√𝑥2+𝑦2+𝑧2
𝒊 +  

𝑦

√𝑥2+𝑦2+𝑧2
𝒋 +  

𝑧

√𝑥2+𝑦2+𝑧2
𝒌 
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Many of the models utilize the idea of Inverse Square Field in their calculations. 

. 𝐹(𝑥, 𝑦, 𝑧) =
𝑘

‖𝑟‖2
𝑢 

[19, Chapter 14 p1009] 

Flux and Gauss’ Divergence Theorem [19, Chapter 14 p1078] are important in finding how 

much of a pollutant has flowed across the surface of the plume. 

∬ 𝐹 ∙ 𝑁 𝑑𝑆 =  ∭ 𝑑𝑖𝑣 𝐹 𝑑𝑉

𝑄𝑠

 

∬ 𝐹 ∙ 𝑁 𝑑𝑆
𝑠

   :is a surface integral called flux, which determines the fluid 

flow across the surface S per unit of time.  

 

∭ 𝑑𝑖𝑣 𝐹 𝑑𝑉
𝑄

     :is a triple integral that measures the same fluid flow 

across S, but from a different perspective. It calculate the 

fluid flow into (or out of) small cubes of volume ∆𝑉𝑖. 

 

The approximate flux of the ith cube  ≈ 𝑑𝑖𝑣 𝐹 (𝑥𝑖,𝑦𝑖,𝑧𝑖,)∆𝑉𝑖. 

 

 After summing all of the cubes in Q, the only fluid flow not 

canceled by adjoining cubes is on the outside edges of the 

boundary.  To approximate the total flux into and out of Q, 

and through the surface S.            ∑  𝑑𝑖𝑣 𝐹 (𝑥𝑖,𝑦𝑖,𝑧𝑖,)∆𝑉𝑖
𝑛
𝑖=1  

 

[19, Chapter 14 p1084]  With Green’s Theorem and Stoke’s Theorem, the tendency of a fluid to 

circulate around a boundary C (some line integral) can be calculated. It is called Curl, and it is 

Solid region Q 
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too complicated for the Gaussian Plume model (and the scope of this paper). Let’s get back to 

the idea of diffusion, and build to the Gaussian Plume model. 

According to Robert MacDonald [20] The Diffusion Equation below is the first step toward 

deriving the Gaussian Plume Model. This equation indicates that a continuous cloud of material 

is dispersing in a turbulent flow. That cloud will expand over time, because of the addition of  

 
𝑑

𝑑𝑦
(𝐾𝑦

𝑑𝐶

𝑑𝑦
) + ⋯  terms.  

(1)               
𝑑𝐶

𝑑𝑡
+ 𝑈

𝑑𝐶

𝑑𝑥
=

𝑑

𝑑𝑦
(𝐾𝑦

𝑑𝐶

𝑑𝑦
) +

𝑑

𝑑𝑧
(𝐾𝑧

𝑑𝐶

𝑑𝑧
) + 𝑆  

 

where: [20]      x  = along-wind coordinate measured from the source 

 y  = cross-wind coordinate direction 

 z  = vertical coordinate measured from the ground 

C(x,y,z)  = mean concentration of diffusing at a pt. (x,y,z)[kg/m
3
]  

Ky, Kz  = eddy diffusivities in the y- and z- axes [m
2
/s] 

U  = mean wind velocity along the x-axis [m/s] 

S  = source/sink term [kg/m
3
-s] : the net production (or destruction) of pollutant 

       
𝑑𝐶

𝑑𝑡
+ 𝑈

𝑑𝐶

𝑑𝑥
       = Time rate of change and *advection of cloud by the mean wind. 

                     
𝑑

𝑑𝑦
(𝐾𝑦

𝑑𝐶

𝑑𝑦
) , 𝑒𝑡𝑐. =Turbulent diffusion of material relative to the center of the pollutant cloud. 

 
 

 

(*Advection means “the usually horizontal movement of a mass of fluid (as air or an ocean 
current); also : transport (as of pollutants or plankton) by such movement  [27]) 
  
 

 The eddy diffusivities (K
y 
and K

z
) relate the turbulent fluxes of material to the mean gradients 

of concentration:    

                                        𝑣′𝑐′̅̅ ̅̅ ̅ =  −𝐾𝑦
𝜕𝐶

𝜕𝑦
         𝑤′𝑐′̅̅ ̅̅ ̅̅ =  −𝐾𝑧

𝜕𝐶

𝜕𝑧
 

 

 The primed coordinates refer to the turbulent fluctuations;  

                                         𝑐(𝑡) = 𝐶 + 𝑐′   𝑢(𝑡) = 𝑈 + 𝑢′ 
 

 When 𝐾𝑦 > 𝐾𝑧, the plume takes an elliptical shape. 
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MacDonald [20] points out the Diffusion Equation here is limited in predicting power, because 
the following assumptions need to be made: 

 
1. The pollutant must be passive.  
2. Molecular and along-wind diffusion are negligible.  
3. The flow is incompressible. 
4. The wind velocities and concentrations stochastic component equals to zero.  

[19 page 1078 – Gauss Flux and Divergence Theorem]  
5. The turbulent fluxes are related to the gradients.  
6. Restricted to an idealized flat terrain.  

 

Here is the Gaussian Plume equation: 

(2)               𝐶(𝑥, 𝑦, 𝑧) =
𝑄

4𝜋𝑥√𝐾𝑦𝐾𝑍

𝑒𝑥𝑝 (𝐾𝑦

−𝑦2

4𝐾𝑦(
𝑥
𝑈

)
) 𝑒𝑥𝑝 (𝐾𝑧

−𝑧2

4𝐾𝑧(
𝑥
𝑈

)
) 

C is concentration, Q is source strength, 𝐾𝑦 the vertical plume, 𝐾𝑍 is cross wind, U is the wind 

speed. It works by drawing a cone around the source and making an approximation.  
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However, if the pollution is coming from a continuous point source, released at the origin in a 
uniform turbulent flow, then this dispersion model can be altered with the following Gaussian 
parameters to be become more accurate because𝐾𝑦 𝑎𝑛𝑑 𝐾𝑧, values are often unknown (and 

Gauss may be more known for his contribution to statistics than everything else):[20,28]  
 

 

                    Standard deviation on horizontal deviation            𝜎𝑦 = √2𝐾𝑦
𝑥

𝑈
              

                    Standard deviation on vertical deviation               𝜎𝑧 = √2𝐾𝑧
𝑥

𝑈
 

 

With these new parameters, the Gaussian Plume equation becomes: 

 

(3)𝐶(𝑥, 𝑦, 𝑧) =
𝑄

2𝜋𝑢𝜎𝑦𝜎𝑍
 {𝑒𝑥𝑝 (

−(𝑧 − ℎ)2

2𝜎𝑍
2

) + 𝑒𝑥𝑝 (
−(𝑧 + ℎ)2

2𝜎𝑍
2

)} {𝑒𝑥𝑝 (
−(𝑦)2

2𝜎𝑦
2

)} 

 

𝐶(𝑥, 𝑦, 𝑧) = Concentration as a function of downwind position (x,y, z) 

Q  = Mass emission rate 

U  = Wind speed at release site 

H  = Stack height – including the rise of the hot plume near source 

{ }  = 1st bracket : distribution of mass in the vertical dimension z at downwind x 

{ }  = 2nd bracket : distribution of mass in the crosswind dimension y at downwind x 

Mass is conserved: ∬ 𝐶𝑑𝑦𝑑𝑧 = 𝑄   
∞

−∞
for all x>0 

The plume parameters σ
y 
and σ

z 
are functions of x determined by turbulence and are influenced 

by the state of the atmosphere. In order to relate the state of atmospheric convection to simply 

observable parameters, Pasquill  and Gifford [20,79]developed a rating system of six stability 

classes ranging from highly convective [A] to highly stable flow conditions [F]. 
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Description P-G  Stability 

Class 

Time of 

Day/Condition 

Wind Speed U M-O Length 

LMO 

Very Unstable A Sunny Day < 3 m/s -10 m 

Unstable B or C  2-6 m/s -50 m 

Neutral D Cloudy or Windy > 3-4 m/s |L| > 100 m 

Stable E  2-4 m/s + 50 m 

Very Stable F Clear Night < 3 m/s +10 m 

 

Concentration distribution in a Gaussian plume 

(y = 20 m; z = 10m; centerline concentration = 1.0) 

Theoretical plume has infinite extent in all directions 

 



y 

 

 

 

 

z 

 

 

Cross-wind distance from plume centerline (m) 
 

 

When the pieces have been inserted into the equation, this simplification can be used: 

Concentration = 
𝑀𝑎𝑠𝑠 𝐸𝑚𝑖𝑠𝑠𝑖𝑜𝑛 𝑟𝑎𝑡𝑒

(𝑤𝑖𝑛𝑑 𝑠𝑝𝑒𝑒𝑑)(𝑎𝑟𝑒𝑎 𝑜𝑓 𝑑𝑖𝑠𝑘 2)
[𝑇ℎ𝑒 𝑟𝑒𝑠𝑡 𝑜𝑓 𝐺𝑎𝑢𝑠𝑠𝑖𝑎𝑛 𝑝𝑙𝑢𝑚𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛] 
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Or:    
𝜇

𝑚3
=

𝜇𝑔
𝑠𝑒𝑐⁄

(𝑚
𝑠𝑒𝑐2⁄ )(𝑚2)

[ − ] 

2. An approximation of the plume March 15th: 

The Gaussian Plume model is only valid for up to 10 kilometers (when calculated by hand) so, it 

could not be used to show that the Japanese authorities endangered residents by assigning a 

20-30m concentric evacuation zone.  However Japan’s modeling system (SPEEDI) is able to take 

the Gaussian Plume calculations and extend them to include a variety of source points, more 

complex atmospheric effects and terrain features. It is accurate for well beyond 10km, and 

shows that residents were in danger outside of the evacuation zone. The Gaussian model is the 

backbone of the sophisticated SPEEDI, which reports emissions in 𝐵𝑞/𝑚3 (the concentration) 

when using the MM5 or GEARN codes. As before, when in the half life section, let’s work 

backwards from actual, published results from SPEEEDI: 

Let’s consider a point source 20m in the air, where pollutants are released at a constant 

rate Q (kg/s). The wind is blowing continuously in a SSE direction with a speed 5.4(m/s). 

The plume spreads as it moves in the x direction such that the local concentrations 

C(x,y,z) (kg/𝑚3) at any point in space form distributions which have shapes that are 

“Gaussian” in planes normal to the x direction. What is the emission rate, Q? 

 

Here are some basic assumptions: 

1.  [20] The EPA’s ISC Model uses  𝜎𝑧 = 𝑎𝑥𝑏 to calculate the P-G values in the 

chart above.   X is in kilometers,   𝜎𝑧 is in meters,  a, b depend on x.  

This is the vertical distribution. 

2.  To get the cross-wind distribution  𝜎𝑦 = 465.11628𝑥(tan θ) 

X is in kilometers,  𝜎𝑦 is in meters,  𝜃 is in radians 

3.  Release height: The height of 20 meters was applied for the release due to the damage 

of pressure container vessel (PCV)[29] 

4.  Data source: the SPEEDI information for March 15 at 11PM, [32] 

http://wwwcms.pref.fukushima.jp/download/1/SPEEDI_ichirannpyou.pdf 

http://wwwcms.pref.fukushima.jp/download/1/SPEEDI_ichirannpyou.pdf
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The vector field map of the atmospheric effects of March 15th at 11PM produced by Japan’s 

SPEEDI modeling system. (Rough translation of data below).
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The Iodine release report from SPEEDI on March 15, 2011 

 from 11PM to midnight. (Rough translation below.) 
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The reported radiation in Becquerel (
𝜇

𝑚3
) from March 15th at between 11PM and midnight 

produced by Japan’s SPEEDI modeling system: 1.346 x 𝟏𝟎−𝟏𝟎(
𝑩𝒒

𝒎𝟑
) per hour 

(4)(2𝜋𝑢𝜎𝑦𝜎𝑍)
𝟏. 𝟑𝟒𝟔 𝐱 𝟏𝟎−𝟏𝟎 (

𝑩𝒒
𝒎𝟑) 𝐩𝐞𝐫 𝐡𝐨𝐮𝐫

{𝑒𝑥𝑝 (
−(𝑧 − ℎ)2

2𝜎𝑍
2 ) + 𝑒𝑥𝑝 (

−(𝑧 + ℎ)2

2𝜎𝑍
2 )} {𝑒𝑥𝑝 (

−(𝑦)2

2𝜎𝑦
2 )}

= 𝑄 𝑖𝑛 
𝜇𝑔

𝑠𝑒𝑐⁄   

 

(5)(2𝜋(5.4)(𝟏. 𝟏𝟖𝟎𝟔𝟒)(𝟑𝟐. 𝟎𝟗𝟑))
𝟏. 𝟑𝟒𝟔 𝐱 𝟏𝟎−𝟏𝟎 (

𝑩𝒒
𝒎𝟑) 𝐩𝐞𝐫 𝐡𝐨𝐮𝐫

{𝑒𝑥𝑝 (
−(0 − 20)2

2(𝟑𝟐. 𝟎𝟗𝟑)2) + 𝑒𝑥𝑝 (
−(0 + 20)2

2(𝟑𝟐. 𝟎𝟗𝟑)2)} {𝑒𝑥𝑝 (
−(0)2

2(𝟏. 𝟏𝟖𝟎𝟔𝟒)2)}

= 𝑄 𝑖𝑛 
𝜇𝑔

𝑠𝑒𝑐⁄  

 

U = wind speed (5.4 m/s)  Let’s consider our C (x,y,z) = (1, 0, 0) 

H = stack height (20m) 

To find:  𝝈𝒛 = 𝒂𝒙𝒃 

According to Pasquill and Gifford, when conditions are D (as SPEEDI data states), then: 

   X(km)  a  b 

   1km  32.093  .81066 

𝜎𝑧 = 32.093𝑥(1).81066                  𝝈𝒛 = 𝟑𝟐. 𝟎𝟗𝟑𝒎 

To find: 𝝈𝒚 = 𝟒𝟔𝟓. 𝟏𝟏𝟔𝟐𝟖𝒙(𝐭𝐚𝐧 𝛉) 

First, find theta             θ = 0.017453293(c - d ln(x)) 

When the Pasquill Stability category is D, then:  c =  8.3330  and d =0.72382 

So, θ = 0.017453293(8.3330 – 0.72382 ln(1)) θ =.145438 in radians 

𝜎𝑦 = 465.11628(1)(tan. 145438)       𝝈𝒚 = 𝟏. 𝟏𝟖𝟎𝟔𝟒𝒎 
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(6)(1285.58689685)
1.346 x 10−10 (

𝐵𝑞
𝑚3) per hour

{. 823507867247 + .823507867247} {1}
= 𝑄 𝑖𝑛 

𝜇𝑔
𝑠𝑒𝑐⁄  

(7)(1285.58689685)
1.346 x 10−10 (

𝐵𝑞
𝑚3) per hour

{. 823507867247 + .823507867247} {1}
= 𝑄 𝑖𝑛 

𝜇𝑔
𝑠𝑒𝑐⁄  

(8)(1285.58689685)(8.17235665582 x 10−11) = 𝑄 𝑖𝑛 
𝜇𝑔

𝑠𝑒𝑐⁄  

 

𝟏. 𝟎𝟓𝟎𝟔𝟐𝟕 𝐱 𝟏𝟎−𝟕 = 𝑸 𝒊𝒏 
𝝁𝒈

𝒔𝒆𝒄⁄

= 𝑬𝒎𝒊𝒔𝒔𝒊𝒐𝒏 𝑹𝒂𝒕𝒆 𝟏 𝒌𝒎 𝒅𝒐𝒘𝒏 𝒕𝒉𝒆 𝒑𝒍𝒖𝒎𝒆 𝒍𝒊𝒏𝒆 𝒂𝒕 𝟏𝟏𝑷𝑴 𝒐𝒏 𝑴𝒂𝒓𝒄𝒉 𝟏𝟓, 𝟐𝟎𝟏𝟏 

 

There are many models being used to follow the radioactive particles emitted from the 

Fukushima incident. The Gaussian Plume model has the advantage of being able to be 

calculated by hand, but is limited in that its predictions are valid only to within a factor of 2-3, 

and it can’t account for curvature in the wind direction.  Computer models are preferred 

because of the accuracy needed to make real time decisions. Still, they are based on the 

algorithms. Models tend to fall in three categories: those following Gauss (like SPEEDI), 

Lagrange (like FLEXpart, and HYSPLIT) which focus on particle diffusion, or Euler (like 

NICOIL)which looks at the mean flow of particles. [13,24,25,26,39,42,56,57,59,64,73,79].  
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3. SPEEDI and More Complex Models 

 

 “Based on the meteorological conditions in the vicinity of a nuclear facility, releases 

source information that estimates the source of a radioactive release from that 

nuclear facility and predetermined geographical data, the SPEEDI network system 

performs a radioactivity dispersion model computation to estimate how radioactive 

materials would disperse, their concentration in the atmosphere, and the exposure 

does in human beings. These estimates are expressed in terms of contour-line data 

on a map showing the vicinity of the nuclear facility, and are supplied via networks.  

“Data on meteorological conditions in the vicinity of nuclear facilities are 

automatically collected from each local government and the Japan Weather 

Association and gathered on central computers of Nuclear Safety Technology Center 

(NUSTEC). These computers are always ready to run computations to make 

estimates. “- Fujitsu’s SPEEDI user manual [36] 

 

Japan’s SPEEDI computer modeling network combines automatic, real time data from each of 

the 54 nuclear power facilities in Japan with stored data about terrain. Japan has invested a lot 

of money in this system since 1980, and it functions exactly as designed. When the power went 

out, SPEEDI (System for Prediction of Environmental Emergency Dose Information) did not miss 

a beat.  This link [58] http://wwwcms.pref.fukushima.jp/download/1/SPEEDI_ichirannpyou.pdf 

will take the reader to a SPEEDI data set, showing uninterrupted service throughout the 

disaster. The official excuse that the information was incomplete, because a few monitoring 

sites were washed away, or because the data SPEEDI was producing was confusing seems 

strange, when even an untrained eye can see where the government should have started 

evacuating residents.  

But if officials really couldn’t understand the data, SPEEDI wasn’t the only system tracking the 

emission from the plants: there were plenty of models to review to help make the safest 

decision for the residents.  Here are a very few of them – they all show radiation concentrating 

in hotspots beyond the voluntary evacuation zone.  

http://wwwcms.pref.fukushima.jp/download/1/SPEEDI_ichirannpyou.pdf
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International Atomic Energy Agency 

i.   IAEA Fukushima Monitoring Database https://iec.iaea.org/fmd/ 

ii. https://iec.iaea.org/fmd/compare_dose_rate_measurements.aspx 

 

 

 

 

 

 

 

 

 

https://iec.iaea.org/fmd/
https://iec.iaea.org/fmd/compare_dose_rate_measurements.aspx
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According to the data from IAEA, here is the radiation levels measured outside of the official 

evacuation zone between 3-11-11 and 4-11-11. [17] 

 

 

https://iec.iaea.org/fmd/compare_dose_rate_measurements.aspx 

 

 

 

 

 

 

 

 

 

https://iec.iaea.org/fmd/compare_dose_rate_measurements.aspx
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US Department of Energy and National Nuclear Security Administration 

 

http://energy.gov/downloads/radiation-monitoring-data-fukushima-area-32511 

 

Please note: this chart is in miles, not kilometers 

 

 

http://energy.gov/situation-japan-updated-8312 

http://energy.gov/downloads/radiation-monitoring-data-fukushima-area-32511
http://energy.gov/situation-japan-updated-8312
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Safecast (Citizen data)  

Even local citizens were using their own equipment, collecting and posting readings and data 

that formed a pretty good match for the government backed models. [80] 

 http://www.niemanlab.org/2012/09/after-tracking-radiation-levels-in-fukushima-

safecast-is-measuring-air-quality-in-the-states/ 

 http://blog.safecast.org/maps/ 

http://www.niemanlab.org/2012/09/after-tracking-radiation-levels-in-fukushima-safecast-is-measuring-air-quality-in-the-states/
http://www.niemanlab.org/2012/09/after-tracking-radiation-levels-in-fukushima-safecast-is-measuring-air-quality-in-the-states/
http://blog.safecast.org/maps/
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Conclusion 

Officials may have had a difficult time acknowledging the severity of the situation in 2011, 

keeping detailed data a secret for 2 weeks, but I doubt that this trend will continue. Seven 

prime ministers in six years indicate a growing distrust and disconnect with the people and the 

elected officials serving them. To date, there is not an alternative energy source to supply Japan 

efficiently, so abandonment of the overall nuclear program isn’t likely. However, a huge 

tightening of the political protocols is in order.  

 

http://radioactivity.mext.go.jp/en/contents/5000/4161/24/1305904_0720.pdf 

http://www.kantei.go.jp/foreign/kan/topics/201106/iaea_houkokusho_e.html 

 

 

 

 

 

 

 

 

 

 

 

 

http://radioactivity.mext.go.jp/en/contents/5000/4161/24/1305904_0720.pdf
http://www.kantei.go.jp/foreign/kan/topics/201106/iaea_houkokusho_e.html
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Fukushima: A Model Study         Page 37 

 
 

 

Figure 5 Reactor graphics 

Page 269 

Introduction to Mechanical Engineering by Jonathan Wickert. 

ISBN10: 0534552978; ISBN13: 9780534552978. Published: 
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